With Brownian dynamics simulations of solutions containing complex biological macromolecules in mind we have formulated a polymer chain model consisting of a selectable sequence of spherical subunits ͑beads͒ and nonspherical subunits of arbitrary shapes ͑nuggets͒ connected by rigid rods, rigid ball-socket joints, or springs. Many physical properties of both subunits and connections are selectable. First a very general diffusion equation of polymer kinetic theory is employed. Next the equivalent Itô stochastic differential equation of motion is established and finally an effective Brownian dynamics simulation algorithm is presented. In all these steps it is assumed that the numerical values of the subunit steady state mobility tensor are obtainable. The important and previously unanswered question of how to include translational-rotational hydrodynamic interactions in Brownian dynamics simulations of polymer chains containing nonspherical subunits linked by rigid constraints is resolved rigorously here. This means that during the formal derivation of the presented Brownian dynamics simulation algorithm all subunit hydrodynamic interactions of the proposed bead-rod-nugget-spring polymer chain model have in principle been taken fully into account. In addition the model includes rigid constraints to fixed points in the laboratory coordinate system, solvent flow, external forces, excluded volume effects, and bending and torsional stiffness between polymer chain subunits. Bead-spring, bead-rod-spring, needle-spring, needle polymer chains and liquid crystals are all special cases of the bead-rod-nugget-spring polymer chain model. The validity of the algorithm presented is limited to the diffusion time domain.
I. INTRODUCTION
Biological macromolecules with a large number of different shapes and physical properties have been identified. Quantitative analysis of the dynamics of such macromolecules in dilute solution is of great interest and several polymer chain models have been proposed with this goal in mind. Efficient Brownian dynamics simulation algorithms have been developed for the bead-spring, 1 bead-rod-spring, 2 needle, 3 and needle-spring 4 polymer chain models. Full hydrodynamic interaction has been incorporated into each of these algorithms except for the translational-rotational hydrodynamic interaction in polymer chains containing nonspherical subunits linked by rigid constraints. The important previously unanswered question of how to include such hydrodynamic interactions in Brownian dynamics simulations is in the present work resolved rigorously. This new result establishes the theoretical foundation for use of the highly effective needle chain Brownian dynamics algorithm 3, 5 for quantitative simulations. The validity of all the algorithms described above is limited to the diffusion time domain.
With Brownian dynamics simulations of solutions containing biological macromolecules with complex shapes and mechanical properties in mind we have formulated a polymer chain model consisting of a selectable sequence of spherical subunits ͑beads͒ and nonspherical subunits of arbitrary shape ͑nuggets͒ connected either by rigid rods, rigid ball-socket joints, or springs. There may also be rigid links between selected polymer chain subunits and fixed points in the laboratory coordinate system. In addition the model includes solvent flow, external forces, excluded volume effects, and bending and torsional stiffness between polymer chain subunits. In this article, bead-rod-nugget-spring polymer chains are approached in three steps. First, after introducing the polymer model and the notation ͑Sec. II͒, the characteristics of the hydrodynamic mobility ͑Sec. III͒ and the metric matrix ͑Sec. IV͒ of polymer chains, where some of the subunits may be connected by rigid constraints, are derived. Second, a very general diffusion equation of polymer kinetic theory ͑Sec. V͒ is reformulated as stochastic differential equations involving general and laboratory coordinates ͑Sec. VI͒. Third, a numerical integration scheme is presented for Brownian dynamics simulations using the laboratory polymer chain coordinates ͑Sec. VII͒. A discussion and brief summary conclude this article ͑Sec. VIII͒.
II. POLYMER MODEL AND BASIC NOTATION
In the polymer chain model presented here both the number and sequence of beads and nuggets are selectable parameters ͑Fig. 1͒. It is not required that the polymer chain has linear topology. The total number of subunits equals N. When subunit is a bead the position vector of the bead center with respect to the laboratory coordinate system will a͒ Author to whom correspondence should be addressed; electronic mail: arnelg@phys.ntnu.no be denoted as r ᠬ :ϭ͕x ,y ,z ͖. When subunit is a nugget the spatial vector r ᠬ : ͕x ,y ,z , , , ͖ gives both the position and the orientation of the nugget principal axes of inertia in the laboratory coordinate system. Parameters , , and are the Euler angles. We define the polymer chain grand position vector as r ᠬ:ϭ͕r ᠬ 1 ,r ᠬ 2 ,...,r ᠬ N ͖. The force associated with a bead equals F ᠬ :ϭ͕F x ,F y ,F z ͖, where F i is the translational force on bead in Cartesian coordinate direction i (iϭx,y,z). The spatial force associated with a nugget reads F ᠬ :ϭ͕F x ,F y ,F z ,T ,T ,T ͖, where T , T , and T are the torques associated with the Euler angles , , and , respectively. In the notation employed in the following analysis we will not make any explicit distinction between Cartesian and spatial vectors. The latter information is provided only through the value of subscript . The polymer chain subunits may have different physical characteristics such as mass density distribution, moment of inertia, size, shape, and optical properties.
It is assumed that there is a total of dЈ time-independent and holonomic constraint conditions ( jϭ1,2,...,dЈ)
There may be rods and springs between any combination of beads, nuggets, and fixed points in the laboratory coordinate system. Ball-socket joints, on the other hand, cannot involve beads. When the rigid constraint is a rod with nonzero length a between subunits and ϩ1 the time independent constraint condition reads
where r ᠬ ϩ1 (Ϫ) and r ᠬ (ϩ) are the Cartesian position vectors of the rod attachment point at subunits ϩ1 and , respectively ͑Fig. 1͒. For beads the attachment point is the bead center.
For each rigid ball-socket joint there are three independent constraint conditions
When there is a rigid rod or ball-socket constraint between a polymer chain subunit and a fixed point r ᠬ (F) in the laboratory coordinate system the constraints read
respectively, where r ᠬ (F) is the Cartesian position vector in the laboratory coordinate system of fixed point .
When the number of independent coordinates for the nonconstrained polymer chains equals d (nc) , the degree of freedom of the constrained polymer chain is given as d ϭd (nc) ϪdЈ, which also equals the number of generalized coordinates. The generalized coordinates will be denoted
͑6͒
We assume that there exist smooth functions r ᠬ (Q ᠬ ) which satisfy the constraint conditions in terms of the generalized coordinates.
III. HYDRODYNAMICS

A. Polymer subunits with no rigid constraints
We will here neglect subunit inertia effects which give the following force balance for polymer chain subunit (ϭ1,2,...,N):
where F ᠬ (⌽) is the net force derived from intraparticle potentials including the forces associated with the nonrigid subunit linkage, F ᠬ (e) is the net force due to external potentials ͑in-cluding the subunit buoyancy͒, F ᠬ (h) is the hydrodynamic force, and F ᠬ (B) is the ensemble average Brownian force for a given polymer chain configuration. The velocities of nonconstrained polymer chain subunits can, for small Reynolds numbers, be expressed as
where all coordinates refer to the laboratory coordinate system, v ជ () (r ᠬ ) is the solvent flow at the position r ᠬ , and Note that for nuggets the solvent flow field v ជ () (r ᠬ ) is a spatial vector and does in general contain nonzero rotational components.
We define the friction tensor for nonconstrained polymer chain subunits, and the force due to the solvent flow according to
Parameter ( š ␦) i j :ϭ␦ i j , and ␦ i j is the Kronecker delta. For hydrodynamic interaction between bead-bead, bead-nugget, nugget-bead, and nugget-nugget the dimensions of the tensors describing these interactions equal 3ϫ3, 3ϫ6, 6ϫ3, and 6ϫ6, respectively. This implies that for what is defined here as beads the effects of self-rotation is assumed to be negligible. When it is desirable to include the self-rotation of a spherical particle this can be achieved by modeling this particle not as a bead, but as a special case of a nugget. The mobility tensor for hydrodynamic interaction between nuggets and reads
where the 3ϫ3 submatrices account for translationaltranslational ͓superscript ''͑TT͒''͔, translational-rotational ͓superscript ''͑TR͒''͔, rotational-translational ͓superscript ''͑RT͒''͔, and rotational-rotational ͓superscript ''͑RR͒''͔ for hydrodynamic interactions, respectively. When ϭ,
Because here we only are concerned with polymer dynamics in the diffusion time domain it suffices to make use of the steady state hydrodynamic forces.
B. Polymer subunits with constraints
For polymer chain subunits with constraints we have (ϭ1,2,...,N)
where subunit velocity r ᠬ (nc) caused by nonconstraint forces is given by Eq. ͑8͒ and velocity r ᠬ (c) due to the constraint
To satisfy the constraint conditions the sum of the changes in g j caused by nonconstraint and constraint forces must at all times equal zero ( jϭ1,2,...,dЈ), i.e.,
where g j (nc) :ϭg j (nc) (r ᠬ (nc) ) and g j (c) :ϭg j (c) (r ᠬ (c) ). This yields
The constraint force is given by classical mechanics 6 and reads
where ␥ k (kϭ1,2,...,dЈ) are the Lagrange multipliers and F i (c) equals the scalar force in the rod between two subunits or the components of the Cartesian vector force in ballsocket joints. Introduction of the last expression into Eq. ͑15͒ yields ( jϭ1,2,. ..,dЈ)
where
From Eq. ͑17͒ it follows that the Lagrange multipliers equal
where the friction tensor i j (nc,g) is given by the equation
Using Eqs. ͑16͒ and ͑19͒ we further find
where we have defined
which yields the orthogonality relation
From Eqs. ͑21͒ and ͑12͒ it follows finally that
where the mobility tensor for subunits of the constrained polymer chain is denoted š (c) and defined by
where š P is named the projection operator and equals
͑26͒
The projection operator satisfies the following conditions
and
͑29͒
C. Generalized coordinates
Use of standard methods [7] [8] [9] to transform Eq. ͑24͒ into generalized coordinates Q s yields (sϭ1,2,...,d)
where ͠ Q s ͡ denotes generalized velocity averaged over momentum space and
where nt (c) and nt (c) both are defined only in the manifold characterized by the constraint conditions. Transformation of Eq. ͑30͒ back to Cartesian coordinates yields, by identification, that
where we have defined ( jϭ1,2,. .
The following expression for the projection operator, 
Expressions ͑26͒ and ͑37͒ are equivalent because they both satisfy ͑jϭ1,2,...,d and kϭ1,2,...,dЈ͒
IV. POLYMER CHAIN KINETIC ENERGY AND METRIC MATRIX
The kinetic energy for the bead-rod-nugget-spring polymer chain reads
where the components of the metric matrix equal (s,t ϭ1,2,...,d)
For beads the mass matrix reads (ϭ1,2,...,N) 
V. DIFFUSION EQUATION IN GENERALIZED COORDINATE SPACE
After integration of the Liouville equation over the generalized momenta the following generalized coordinatespace conservation equation is obtained for the polymer chain:
where p(Q ᠬ ,t) is the generalized coordinate-space probability density. For the momentum average generalized velocity, ͠ Q ᠬ ͡, we employ the expression given in Eq. ͑30͒. To ensure that the equilibrium solution of the resulting diffusion equation equals the Boltzmann probability density of the polymer chain configuration the expression for the ensemble average generalized Brownian force was chosen equal to
͑49͒
where k B equals the Boltzmann constant and T is the absolute temperature. This yields the following generalized coordinate-space diffusion ͑Fokker-Planck͒ equation:
Note that while the detailed dynamics of the polymer subunits in thermodynamic equilibrium do depend on the mobility tensor this is not the case for the equilibrium probability density of the polymer chain conformation.
VI. STOCHASTIC DIFFERENTIAL EQUATIONS
Assuming that the number density of the polymer chains in solution is homogeneous, i.e., ͚ ϭ1 N F ᠬ (B) ϭ0 ᠬ , the Itô stochastic differential equation corresponding to the generalized coordinate-space diffusion equation reads
where ͚ ϭ1
and dW ᠬ is a threedimensional Wiener process if subunit is a bead and a six-dimensional Wiener process when subunit is a nugget, and corresponds to the thermal noise terms for the individual polymer chain subunits. The time-dependent random variables W ᠬ (t) possess a Gaussian probability density with
•dW ᠬ .
͑53͒
Employing the expression for š (c) given in Eq. ͑34͒ and the expression for š P in Eq. ͑28͒ yields
Making use of Eqs. ͑10͒ and ͑25͒ we finally get
͑55͒
Defining the metric force as
, ͑56͒
where G equals the determinant of the constraint condition metric matrix,
and subscript ''͑wo.der.m.͒'' means that the derivation is carried out as if š m is a constant, i.e., independent of r ᠬ , gives the following Itô stochastic differential equation:
where '':'' denotes double contraction. Note that here we have chosen generalized coordinates satisfying
For polymer chains with subunits not linked by rigid constraints the laboratory coordinates constitute a set of generalized coordinates r ᠬ:ϭ͕r ᠬ 1 ,r ᠬ 2 ,...,r ᠬ N ͖ and Eq. ͑51͒ simplifies
which by introducing the metric force F ᠬ (m) can be rewritten as
͑61͒
For the special case when the nonconstrained subunits exhibit rotational symmetry ͑needles͒ the metric force reads 
͑62͒
For bead-spring chains the stochastic differential equation is equal to that of needle-spring chains except that F ᠬ (m) ϭ0 ᠬ , and that Cartesian coordinates are used instead of spatial coordinates.
VII. NUMERICAL INTEGRATION SCHEME
For polymer chain subunits linked by rigid constraints it can be shown that the following numerical integration scheme:
satisfies the stochastic differential equation, Eq. ͑58͒ ͑identi-cal drift and diffusion͒ for cϭ1/2 and a certain number of iterations in the evaluation of the Lagrange multipliers, ␥ j ͑the Cartesian constraint forces͒. In this scheme the subscript ͑00͒ indicates that the parameters are evaluated at r ᠬ 
For needle-spring polymer chains we get the numerical integration scheme
For bead-spring polymer chains the numerical integration scheme equation is equal to that for needle-spring chains except that F ᠬ (m) ϭ0 ᠬ , and that Cartesian coordinates are used instead of spatial coordinates.
VIII. DISCUSSION AND CONCLUSION
During our development of the stochastic differential equations and the associated numerical integration scheme for the bead-rod-nugget-spring polymer chain model we did not make any limiting assumptions about either the geometry or the hydrodynamic interactions between nuggets or between beads and nuggets. The only requirement is that the grand mobility tensor is symmetric and positive definite. This means that as long as the steady state mobility tensors š (nc) for the nonconstrained nuggets satisfy these requirements and can be calculated with sufficient accuracy the nuggets may have any shape and may include all types of steady state hydrodynamic interactions. The latter finding has wide fundamental implications and establishes the theoretical foundation for taking full advantage of the highly effective needle-chain Brownian dynamics algorithm. 3, 5 It has not previously been shown that this algorithm is valid when there is translational-rotational hydrodynamic interactions between the needles. Many biological macromolecules have peculiar shapes which means that the freedom to, in principle, include nuggets with any shape is expected to be of significant potential value. Another new result of the present work is the inclusion in the formal development of rigid constraints between polymer chain subunits and fixed points in the laboratory coordinate system. This finding is of interest, for example, in the modeling of polymers attached to surfaces. Bead-spring, bead-rod-spring, needle-spring, needle polymer chains and liquid crystals are all special cases of the bead-rod-nugget-spring polymer chain model.
To take full advantage of the Brownian dynamics algorithm for the bead-rod-nugget-spring polymer chain it is necessary to develop effective numerical methods for calculation of the steady state mobility tensors š (nc) . How to calculate the diagonal terms of the grand polymer chain mobility tensor, š (nc) , is well established. These terms can be calculated with adequate accuracy for most nugget shapes using standard methods provided that the characteristic lengths of the nuggets are sufficiently large relative to the solvent molecules ensuring that standard continuum hydrodynamics is valid. [10] [11] [12] Calculation of the diagonal terms of the grand mobility tensor is in general time consuming, but most of the calculations need only be carried out once for each nugget. Calculation of the off-diagonal terms of the grand mobility tensor is, on the other hand, in general prohibitively complex and time consuming. 13, 14 Presently the only known exception is the special case where the nuggets are multibead rods. For multibead rods the translationaltranslational, translational-rotational, and rotationalrotational hydrodynamic coupling between the nuggets can be estimated fairly readily. The same is true for translational-translational and translational-rotational hydrodynamic coupling between beads and multibead rods. 5 Currently the best available approach to obtain estimates of the off-diagonal terms of the grand mobility tensor therefore appears to be to model each nugget as multibead rods during this part of the analysis.
The Brownian dynamics algorithm for bead-rodnugget-spring polymer chains presented is likely to become an important tool for modeling the dynamics of, in particular, complex biological macromolecules in the diffusion time domain provided that it proves possible to obtain adequately precise estimates of all components of the mobility tensor using an acceptable amount of computer time. The algorithm can readily be extended to model light scattering, fluorescence depolarization, and flow or electric field induced linear dichroism and birefringence of such macromolecules. It still remains to be worked out how the algorithm may be used to obtain estimates of the stress tensor and thus the rheological properties of solutions containing polymer chains consisting in part or fully of nonspherical subunits.
